A Theory for the Most Stable Variable Viscosity
Profile in Graded Mobility Displacement

Processes

The stability of the displacement of a viscous fluid in a porous medium by a less
viscous fluid containing an additive is considered. For the case in which the total
amount of injected additive is fixed, a theory has been formulated to find the
graded mobility profile which minimizes the instability due to an adverse mobility
ratio. The result is a constrained nonlinear eigenvalue problem in which the mo-
bility ratio of the fluids, o, and the total dimensionless amount of additive, N,
appear as parameters. Estimates show N is typically large for practical situations.
An asymptotic solution for large N is developed which shows that the optimal
mobility profile is always an exponential curve at leading order. It is shown that
although the optimal mobility profile is nearly exponential, the optimal concen-
tration profile is not necesarily so, contrary to previous suggestions in the literature.
Furthermore, it is shown that, unlike the case of a mobility jump, a graded mobility
process under optimal conditions has amplifications independent of displacement
velocity, We also discuss a possibile stabilization mechanism due to the very long
wavelength disturbances which occur under optimal conditions.
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The objective of this work is to provide a theoretical analysis
of the stability properties of displacement processes in porous
media when an additive such as a polymer is used to create a
smooth variation in the mobility of the displacing phase. Most
if not all enhanced oil recovery processes involve instabilities
which are driven by mobility differences between the phases,
and many of them seek to reduce the severity of the instability
by the addition of polymers, foams, and other additives which

decrease the mobility of the displacing phase. Thus, our work
is generally relevant to the mathematical description of the
stability of such processes. Similar considerations may apply
to fixed-bed regeneration processes and to filtration processes.
Previous work on the subject has to a large extent been empirical
and experimental, with little or no theoretical framework within
which to interpret results. Our work is intended to provide such
a framework,

CONCLUSIONS AND SIGNIFICANCE

We have shown that the degree of stabilizaton achieved by
addition of mobility-decreasing substances depends primarily
on a dimensionless parameter, N, which is proportional to the
quantity of the substance. We show that to achieve any appre-
ciable stabilization, N must typically be large. Given this, we
then prove under fairly general conditions that the mobility
profile which minimizes the growth rate of the instability is
always exponential in space. Furthermore, the growth rate is

given asymptotically for large N as 6 ~ {a)/ N where fla)is a
function of the mobility ratio, a, of the two pure phases. The
function of a depends upon the details of the relationship be-
tween mobility and additive concentration. Such exponential
mobility profiles may or may not imply exponential concen-
tration profiles, a fact often overlooked in the literature. Qur
results are among the first which attempt to put the design of
such processes on a firm mathematical footing.

INTRODUCTION

Oil recovery processes in which a fluid such as water is used to
displace oil are used to varying degrees. The efficiency of these
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processes is limited, because a less viscous displacing fluid often
fingers through the oil, leading to bypassing and a decrease in total
oil recovery. Similar effects may occur in fixed-bed regeneration
and other analogous processes. In a porous medium the fingering
process is related to the stability of a convected macroscopic in-
terface between oil and a displacing fluid. This problem was ini-
tially studied by Chuoke et al. (1959), who assumed that dis-
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placement of one phase by the second was complete; i.e., they ig-
nored relative permeability and partial saturation effects. They
showed the displacement under these conditions to be stable for
mobility ratios less than one and unstable otherwise. Recently,
Jerauld et al. (1984) and Yortsis and Huang (1984) have considered
the effects of mobility profiles (occurring as a result of partial
saturation and relative permeability effects) on the stability of
linear displacement. These authors find some degree of stabiliza-
tion, in the sense that the critical mobility ratio is raised above unity.
The critical value of this parameter depends upon the form of the
relative permeability curve.

In this paper we concentrate on the mobility changes due to
additives, and not on those due to so-called fractional flow effects.
These latter effects can become important for mobility ratios near
unity, however, and can easily be incorporated into the theory if
necessary. For a review of work on this class of problems through
1975, see Wooding and Morel-Seytoux (1976).

Since the instability is driven by viscosity differences, attempts
are often made to stabilize the flow by increasing the local viscosity
of the displacing fluid near the oil interface. This can be accom-
plished if additives are used. The idea of using varying viscosity
(concentration) profiles in oil displacement processes is not new,
and graded mobility processes have been used in both laboratory
and field experiments. Some of the previous literature is reviewed
in our earlier paper (Gorell and Homsy, 1983).

Past work of relevance here includes that of Mungan (1971), who
performed experiments in porous media and two-dimensional
Hele-Shaw cells using polyacrylamide and polyethylene oxide
additives. By properly grading the concentration profile, complete
stabilization of displacements with unfavorable viscosity ratios were
accomplished. The concentration profile used was one which varied
exponentially with distance from the front. The length scale for
this graded bank was determined in an ad hoc fashion.

Uzoigwe et al. (1974) undertook two-dimensional numerical
simulations of the graded concentration process in which the sta-
bility of various injected profiles was examined and the least un-
stable profile was determined by trial and error. Over 100 separate
computer runs were performed. The conclusions of interest here
were that the concentration must be decreased smoothly from a
value resulting in a near match in viscosity at the front, and the
concentration should fall to zero in a finite distance. The best profile
seemed to be one in which the concentration decreased exponen-
tially with distance.

The indication from these studies is that the stability of porous
media displacements depends both on the amount of additives used
and the manner in which they are injected. In our previous work
(Gorell and Homsy, 1983), we formulated an optimization problem
to find the viscosity, or equivalently the concentration profile,
which minimizes the effects of the instability. This was referred
to as the optimal profile. The result is a nonlinear constrained ei-
genvalue problem which must be solved for the optimal profile and
the growth constant of the instability. The parameters are the ratio
of the displaced to displacing fluid viscosities, «, and the total
amount of injected additive, N, where

&
_ [(ug — p1)UY/2 M \dc)e=0
N= ( T ) A W)

Here p is the viscosity divided by the permeability of the medium,
or the inverse of the mobility; U is the displacement velocity; T is
the effective interfacial tension; M is the total moles of additives;
A is the cross area of the flow; ¢ is the concentration; and du/dc
is the variation of viscosity with concentration. The subscripts 1,2
refer to the displacing and displaced fluid, respectively. N isa di-
mensionless quantity which arises when the length scale charac-
teritic of the problem without additives is used in the nondi-
mensionalization of the problem. In addition to the parameters o
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Figure 1. Viscosity data for polyacrylamide (Dow Separan NP10) in
water.

and N, the functionality between the additive concentration and
the viscosity of the resulting mixture must be specified. In our
previous work, the problem was solved over the entire range of N
for the simple case when the viscosity is a linear function of con-
centration.

Although a linear concentration-viscosity relationship facilitates
the solution of the problem, it may not be realistic for actual ad-
ditives. As an example, in Figure 1 we present a concentration-
viscosity curve, obtained from the Dow Company, for a form of
polyacrylamide (Dow Separan NP10 Polymer) in water. Since a
semilogarithmic plot shows near linearity, it is in this case more
appropriate to represent the viscosity as a nearly exponential
function of concentration. Data on other polymer solutions show
a similar strong concentration dependence. Other additives, e.g,,
foams, would also show such complex behavior. One of the objec-
tives of the present work is to develop a theory which holds for an
arbitrary relationship between viscosity and concentration.

To achieve a high degree of stabilization, large amounts of ad-
ditives are typically used. Although field data with which to cal-
culate an accurate value of N are not readily available, it is possible
to estimate its magnitude to find that it is typically large. For ex-
ample, consider a water-polyacrylamide system used to displace
oil with a viscosity of 0.05 Ns/m2. If nominal values of the other
parameters are taken as T ~ 1072N/m, U ~ 3 X 10~4 cm/s,
my/(dpfde) ~ 2 X 10~3g/em?®, porosity of 0.2, and if 0.5 pore
volumes over a 30 m length are filled with polymer of average
concentration of 1078 g/em?, then N =~ 2,500.

When N is large, it is possible to perform an asymptotic analysis
and obtain results for the optimal profile. The general problem as
formulated in our previous paper remains unchanged. In this
paper, we consider N to be large and extend our previous results
to general relations between concentration and viscosity. Details
of the large-N solution giving the minimum growth constant, most
dangerous wave number, and the injection length scale will also
be presented.

PROBLEM FORMULATION

The prototype problem for the linear stability of a polymer-type
flood is pictured in Figure 2, where oil with viscosity us is displaced
with a fluid (usually water) having viscosity u,, and additives are
used to increase the viscosity in a prescribed manner u(x) over a
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Figure 2. Schematic of viscosity proflle sequence in a displacement
process.

length I near the interface. As shown, three regions arise in the
analysis: pure oil, followed by a variable viscosity mixture of length
1, and finally the pure displacing fluid. It is assumed that the vis-
cosity variation in the mixture is attained by varying the solute
concentration.

The detailed development of this problem has been given in
Gorell and Homsy (1983); here we only highlight the formulation.
We consider a continuum model for porous media flow throughout
this paper. The base state for the stability analysis is a constant,
steady, one-dimensional flow with velocity U in the x, direction.
Transferring to the convected coordinate x = x; — Ut, the per-
turbed displacement velocity in the x direction is u’, which can be
represented as

u’ = V(x) expliky + ot}. 2

It is assumed that the fluids are neutrally buoyant and incom-
pressible, the medium is homogeneous, and dispersion, diffusion,
and adsorption can be neglected. Combining Eq. 2 with the con-
tinuity equation, Darcy’s law, and the equation for species conti-
nuity results in a second-order ordinary differential equation for
V¥(x); cf. Eq. 5 below.

The length and time scales are nondimensionalized with respect
to 1/+/3k, and 2/(8 v/3)am respectively, where

1 _ T 2
v/ 3k ((uz—ul)U) ®

2 B+ e T -1/2
g e | e L
3V8om e — m)ul (e — 1)U
Here T is the effective interfacial tension which acts at the oil in-
terface (x = 0). 0,, and k,, are the maximum growth constant and
wave number corresponding to the constant viscosity problem.
Viscosities are nondimensionalized with respect to ;.

Boundary conditions for {/(x) are obtained by requiring 4’ to be
continuous and balancing the pressure drop with an effective
surface tension at an interface. If & = o/t then the dimensionless
differential equation and boundary conditions for Y(x) are

p” =) + Wy + B8P =0 (5
wOW(0) = {~ka + Bla — u(0)] = (a — 1)k2BW(0)  (6)
Y'(—=L)=k{(~L) M
uw(=L)=1 (8)
where
_[a+1)k2
s=[Z5)% ®
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and the prime denotes differentiation. The parameter 8 may be
considered an inverse growth constant of the instability.

For a given amount of additive, the viscosity profile which
minimizes the maximum growth constant is desired. The constraint
on the total amount of additive can be represented as an inte-
gral

A f_ ‘;c(x)dx =M (10)

In general, the concentration-viscosity relation will be of the
form u = u;f(c/é), whereé is a constant with units of concentration
and £(0) = 1. We assume f is smooth and the inverse functionality
is represented as ¢ = &f~1 (u/p,). Substituting into Eq. 10 and
nondimensjonalizing results in the condition

S f s =N (11)

Here N = +/3k,,M/A¢ is the dimensionless amount of material
added. This is equivalent to the definition given in Eq. 1. Using the
property that the growth constant ¢ is the minimum possible when
u(x) is optimal allows the development of a condition relating u(x)
and Y(x), see Gorrell and Homsy (1983):

(W) + 2600 + k2 = a 3"; Fiu@) 02

Here a is an undertermined constant.

When solved, Eqgs. 6-9 and 11 and 12 will give the viscosity
profile which minimizes the growth constant o for a given wave
number k. The largest o over the entire range of k is the one which
is most dangerous. The most dangerous wave number kp,, is found
by requiring that ¢ is a maximum, or in terms of 5,

2
g_: = % (%)k-km =0 (1)
Qur previous work was for the specific case,
p=1l+c (14a)
or
fFl=u-1 (14b)

As can be seen, this choice simplifies the righthand side of Eq. 12.
We are concerned in this paper with more general p(c).

LARGE-N SOLUTION

The unknowns in the problem are the functions u(x) and Y(x)
and the constants k, 8, a, and L. In addition, the viscosity function
f~Y(u) must be specified. Our previous work indicated, not sur-
prisingly, that the degree of relative stabilization increases with
N, and thus any practical process would be carried out under
conditions appropriate to large N. When N is large, however, an
asymptotic solution can be developed.

Scaling

We have computed numerical solutions to the full problem for
different functions f~1(g) which indicate that the unknowns always
scale with N in the same way. Therefore, when N is large it is as-

sumed
L ~0(N)
k ~O(N-1/5)
B~ O(N'/3)
a ~ O(N~-2/3)

AIChE Joumnal (Vol. 31, No. 9)



It is appropriate to define 0(1) quantities

fF=xN"1
L=LN7
k=kN1/3
B =pBN-Vs
4 = aN?/3

The scaled equations for the problem become
YE)B/(2) ~ k2u(x)] + N~YHu@EW@E) =0 (15)
BUARY + k3pa) - 8 % @) + N~ @ =0

(16)
N~4/3u(0)/(0) = {Bla — p(0)]
+ N-2/8~ka — (a — DER)IY(0) (17)
N-U3Y/(-L) = k(-L) (18)
w—L)=1 (19)
£ s tutenas =1 (20)
o (k2
of (ﬁ)&m =0 @)

The problem is homogeneous in ¥(£). Therefore, without any loss
of generality we take Y(0) = 1 as a normalization condition. The

solutlor/x may now be expanded in an asymptotic series in powers
of N—2/3,

W) = Yol&) + O(N—%/3)
W(E) = fio(%) + N~%/31,(%) + O(N~4/3)
B =B+ N~3B, + ON~43)
& =do + O(N-2/3)
[ =Lo+ N-%3L, + O(N—4/3)
Kmax = ko + O(N—2/3)

The most dangerous wave number £ ,,, the injection length L,
the optimal viscosity profile u(%), and the resulting (minimum)
growth constant o, represent physical quantities which can be
measured and varied. We will be concerned primarily with these
quantities. Even though higher-order solutions for /(%) and 4, etc.,
can be found, they will not be presented because they do not affect
these quantities at the lowest orders. In fact, as shown in the Ap-
pendix, even the first-order solutions ¥/, (%) and &, come into play
only at 0(N—4/3), Closed-form solutions at this order are impossible
because of the nonlinear form of Eq. 16. Only the first term in the
K oax expansion can be determined, but that is sufficient to obtain
two terms in the growth constant expansion. Substituting the
large-N expansions into Eqs. 15~20 results in a sequence of prob-
lems. To second order, analytical solutions can be found in terms
of integrals involving f~Y(u). The details are given in the Ap-
pendix.

First-Order Solution

The solution for &, (%) is

k2
fio(%) = a exp (B_’) (22)

B.

Lo ——lna (23)

with
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and

fo. ! [a exp (gfx)] di=1 (24)

Once f~! is specified, Eqs. 23 and 24 can be solved to give k2/ B,
and L,, which will be a function only of the mobility ratio, . For
future notational convenience we define o* = k2/8,.

Second-Order Solution
At O(N~2/3) the solution is
)= a - Biec s Lofesios  03)
. d
Ly= poper (26)
with the conditions
fir(o) = —(a ~ 1)k2 — ag*k—1 @27
) 92 o2z = 0 (28)
‘-l-.o ”’l dﬂ. (]

The correction to the growth constant, 8, and the integration
constant d can be found as a function of k by equating Eq. 27 to
Eq. 25 evaluated at x = 0 and by substituting known results into
Eq. 28. At this order, the results are a function of wave number.
The most dangerous wave number, k,, can be represented as the
root of the equation

(bk 3 + 2(a -

Evaluating d and B, at £, in Egs. 25 and 26 will give the contri-
bution at 0(N—2/3) to the optimal viscosity profile and injection
length which is associated with the fastest growing instability. The
growth constant g,y is

e E) 50

At this point it is appropriate to illustrate the procedure with a
concrete example. As mentioned in the introduction, an exponential
viscosity-concentration relation could be a reasonable approxi-
mation for the data on polyacrylamide solutions. Therefore, as an
example we take f~1(u) = In i and present the results for the op-
timum viscosity profile.

At first order the solution is given by Eqgs. 22-24. Therefore,

(29)

N-2/3 6‘) ] + O(N=/3)  (30)

An Example

fio(£) = o explo*i}

where
o*lo=ha (81)
o
f L (na+oa)di=1 (32)
Equations 31 and 32 imply that
oo (na)
2
=2
° Ina

In determining the solution at second order, d and 8, must be
evaluated. Combining Eqs. 25 and 27,

_B

o) =d A Lao*L, (33)
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In this case (df ~1/dp)(@, (%)) = o} exp {—a*%}, so Eq. 28 reduces
to

* -~
f"_ gt i olaz=o (34)
—Lo Bo
Solving Eqgs. 33 and 34 for d and B, in terms of ji,(0) yields
= —fi,(0)
B = _23011}(0)
! aoc*L,
From Eqgs. 26,
-  jiio)
Li=~ ag*

Using these results, the expression detemining k,, Eq. 29 reduces
to

4(a— Dk, — 2a0*%;2=0

from which we find

_{ ac* |8
ko = (2(

a—-1)
Nowatk =k,
Bylo) = -3 95_*)2/3 (0 —1)1/3 (35)

In the expression for d, 8, and L; Eq. 35 for {i;(0) should be
used.
To summarize the results

0(1): fo(%) = o explo*z}
ot = (In )2
2
2

Lo=1a

ON~2/%) (%) = -8 (“”*)2/3 (o0 = 1)/ (1 + if) explo*i)

(a—1)]/3
4o0*
ag* [1/3
2a—1)
Finally, the growth constant associated with this viscosity profile
is

N

E1="3

0=

a'max =

2 — 1)/
at1)(nay (1 —N-235 (2‘___1_)1 + O(N-7/3)
a—1} 2N L, \4ao*

(36)

DISCUSSION

When a large amount of additive is used to stabilize a displace-
ment process, the optimal injection policy can easily be found. To
a first approximation the viscosity profile is always an exponential
which matches the viscosity of the adjoining fluids. The jump in
viscosity at the interface is small, being O(N~2/3), This appears to
agree with some of the previously mentioned experimental and
numerical work, in particular that of Uzoigwe et al,, who reported
a near viscosity match at the front should be attained. An apparent
discrepancy arises, however, in that some experiments suggest, but
of course do not prove, that an exponential concentration profile
is the best. Our theory, which minimizes the instability due to an
unfavorable mobility ratio, predicts that an exponential viscosity
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profile is optimal. An exponential concentration profile will lead
to an exponential viscosity profile only if the viscosity is a linear
function of concentration or the concentrations of additives used
are small. In general, the optimal concentration profile will not be
an exponential. For the example considered in the preceding sec-
tion, our theory predicts that for the viscosity-concentration relation
chosen, a linear concentration profile is optimal. Viscosity differ-
ences drive the instability in displacement processes and thus there
does not appear to be any justifiable reason for an exponential
coneentration profile to always be optimal. This fact has not been
previously emphasized.

The maximum dimensionless growth constant is always positive,
but it is an O(N~1) quantity. This indicates that ¢,,,, can be made
arbitrarily small by increasing the amount of additive. It is in-
structive to consider dimensional values of the maximum growth
constant. Retaining only the first term in Eq. 36 gives the dimen-
sionless growth constant as

.= a+1) g*Aé
o~ 1}/ 3kM

where ky, is defined in Eq. 4. If we represent the dimensional
growth constant as ¢4, then

30m(a + 1) a*Aé
g = —2|——

(37)

—_—. (38)
m

Applying Egs. 4 and 5 for k, and o, results in a simple expression
for o4,
Aéo*U
M
The residence time for the interface during the injection process
will be 7 = D/U, where D is the total distance traveled. Therefore,
the total growth of an instability according to linear theory will

be

o4 = (39)

Aéa*D] (40)

M

If the medium for the displacement is fixed and the additive system
is specified, then A and ¢ are determined. o* will depend on the
additive and the mobility ratio for the displacement and can be
obtained by solving the 0(1) problem (Eqgs. 22-24). Note that Eq.
40 predicts that the first approximation to the total growth of an
instability for an optimal viscosity profile will be independent of
the displacement velocity, U. Furthermore, it can be arbitrarily
small by increasing M.

This analysis indicates another aspect of front stabilization with
graded mobility. In this analysis it was implicitly assumed that the
medium was infinite in cross section. Thus lateral boundaries and
the associated wavelength cutoff were ignored. Since this theory
predict that k decreases with N such as N=1/3, it is possible that the
predicted most dangerous wave number will not be physically
realizable in bounded systems because of size constraints. This is
an additional stabilization mechanism in graded mobility processes
which may have been previously overlooked.

From estimates of physical quantities given in the Introduction,
it was shown that N is typically large (=2,500). These values can
be used to illustrate quantitative features of the solution. For ex-
ample, if a water flood is performed with no additive to stabilize
the front, then the maximum growth constant o,,, = 2.4 X 1073571
(from Eq. 3) and the most dangerous wave number k,,, = 11 cm™!
(from Eq. 4). The predicted wavelength is perhaps close to the limit
of our continuum theory, but in this example we are interested in
the relative changes in k,,, due to addition of polymer. The value
of o, depends upon the displacement velocity, U, being larger for
larger U. If an additive for which the viscosity varies exponentially
with concentration is used, [f~1(x) = In ] and N = 2,500, then the
corresponding values of the dimensional growth constant g4 and

exp {047} = exp{
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most dangerous wave number kg are g4 = 1.8 X 1076571 and kg
=12cm™L

The theory predicts that by injecting solute in an optimal man-
ner, the growth constant of the instability can be decreased by more
than a factor of 1,000, while the wave number is decreased by a
factor of 10. The critical lateral dimension which would give
wavelength cutoff and thus added stability is (27/1.2) em ~ 5 cm.
For the value of N considered here, it is highly unlikely any degree
of added stabilization due to finite lateral boundaries would occur
in an oil field scale experiment. However, in laboratory scale tests
such as core floods and Hele-Shaw experiments, 5 cm is a more
representative cross-sectional dimension. In these cases wavelength
cutoff stabilization should be considered when analyzing results.
This implies that laboratory scale experiments may indicate a
greater degree of stabilization than may be obtained in field tests,
and therefore may be misleading under some circumstances.

ACKNOWLEDGMENT

This work was supported by the Office of Basic Energy Sciences
of the United States Department of Energy.

NOTATION

= cross-sectional area for flow, m2

= concentration of additive, mol/m3

= function relating viscosity to concentration, dimension-
less

= disturbance wave number, dimensionless

= length of graded zone, dimensionless

= moles of additive

= parameter defined by Eq. 1, dimensionless

= time, dimensionless

= effective interfacial tension, N/m

= displacement velocity, m/s

= streamwise distance

= transverse distance

Sl N Zgh» SO

Greek Letters

@ = viscosity ratio, dimensionless

g = growth constant, dimensionless

2 = disturbance stream function, dimensionless

u = fluid viscosity divided by permeability, N-s/m?*

APPENDIX: DETAILS OF SOLUTION

0(1): At lowest order the problem is

Il; — 0%, =0
~1
@2+ o9 = (2 L )
io,(0) =« ﬁa(—l:o) =1
Vol0)=1  Po(—Lo) =0

I  fMuo(@NdE = 1

The solution (Eqs. 22-24) follows immediately. For complete-
ness, we give the solutions for the disturbance stream function

¢o(i)5

¢§(f)=%e—o‘f L; ea‘xdé;l[ﬁo(x)]dx
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do hd .z df~1 sl
7= { S et [u.,(xndx]
O(N~2/3): At this order the problem is

g+ (g-) By~ =0 (A1)

Boﬁl(o) + (a - l)kzﬁa + CZE =0 (Az)
i @) %;—1 Bo(®)dE =0

Elﬁo(_[lo) = ﬁ'l(_]:o) (AS)

The solution to Eq. Al is Eq. 25 where d is a constant of integration.
Equation 26 arises directly from the boundary condition in Eq. A3,
and Eq. 27 comes from rearranging boundary condition in Eq.
A2.

The condition for determining the wave number corresponding
to the largest growth constant is

2 (k2
Ok \Bo/ krnas
Expanding § in its asymptotic series
k2 k2 k2B
L =2 _nN-2/82F1
B B, Bz
TR

a

=0 (A4)

+ O(N—4/3)

Since o* is not a function k, Eq. A4 gives no information at 0(1).
At O(N—2/3), Eq. A4 implies

o (B _
ok (ﬁ)f =0 (45)

Evaluating Eq. 25 at £ = 0 gives

B A d -l

From Eq. A5 it follows that

old — (o))} _
( ok )E., =0

Substituting Eq. 27 for fi;{0) results in Eq. 29.
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